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Abstract. We give precise conditions under which the real interpolation 
space [Y ,Xi]g yP coincides with a closed subspace of [X ,Xi]g^ p when Y 
is a closed subspace of codimension one. We then apply this result to 
nonharmonic Fourier series in Sobolev spaces H b (—tt,it) when < s < 1. 
The main result: let £ be a family of exponentials exjp(i\ n t) and £ forms 
an unconditional basis in L 2 {— tt, tt). Then there exist two number sq,si 
such that £ forms an unconditional basis in H" for s < sq, £ forms an 
unconditional basis in its span with codimension 1 in H" for s± < s. For 
so < s < s\ the exponential family is not an unconditional basis in its span. 



1. Introduction 

In this paper we will apply a result on interpolation of subspaces to the 
study of exponential Riesz bases in Sobolev spaces. 

In section |2| we consider the comparison of the interpolation spaces Xg := 
[Xo,Xi]g )P and Yg := [Y ,Xi]g tP for 1 < p < oo, where Y is a subspace of X 
with codimension one, say Y = ker if> where if) G Xq. This problem, as far as 



we know, was first formulated in flql , v.l, Ch.1.18 in 1968. As we show in 



Theorem p.l| there are two indices < cr < a\ < 1 which may be explicitly 
evaluated in terms of the K- functional of ip so that: 

1. If < 9 < o" then Yg is a closed subspace of codimension one in Xg. 

2. If (7i < 9 < 1 then Yg = Xg with equivalence of norm and 

3. If cr < 9 < a i then the norm on Yg is not equivalent to the norm on Xg. 

Let us discuss the history of this theorem. The special case of a Hilbert 
space of Sobolev type connected with elliptical boundary data was considered 



in |[L6|| , and in this case the critical indices o"o and ai coincide. In the well 



known case |T6| X\ = L 2 (0, oo), X = W^O, oo) and Y is the subspace of W\ 



of functions vanishing at the origin, this critical value is o~o = °\ — 1/2- Later 
R. Wallsten pH] gave an example where the critical indices satisfy <jq < o\. 



The general problem was considered by J. Lofstrom [17], where some special 



cases of Theorem |2J] are obtained. Later, Lofstrom in an unpublished (but 
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web-posted) preprint from 1997, obtained most of the conclusion of Theorem 
[2. If specifically he obtained the same result except he did not treat the crit- 
ical values 9 = <7q,cti. The authors were not aware of Lofstrom's earlier work 
during the initial preparation of this article and our approach is rather differ- 
ent. A more general but closely related problem on interpolating subspaces 
of codimension one has been recently considered in JTJJ and |TTJ. For general 
results on subcouples we refer to ||. 

Let us recall next that a sequence (e n ) ne z in a Hilbert space TC is called a 
Riesz basic sequence if there is a constant C so that for any finitely non-zero 
sequence (a n ) ne z we have 



VneZ / n&L \rieZ 
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A Riesz basis for TC is a Riesz basic sequence whose closed linear span [e n ] ne z = 
TC. A sequence (e n ) is an unconditional basis, respectively unconditional basic 
sequence if (e n /||e„||) ne z is a Riesz basis, respectively, a Riesz basic sequence. 

In the second part of the paper we apply our interpolation result to study 
the basis properties of exponential families {e lXnt } in Sobolev spaces. These 
families appear in such fields of mathematics as the theory of dissipative opera- 
tors (the Sz.-Nagy-Foias model) , the Regge problem for resonance scattering, 
the theory of initial boundary value problems, control theory for distributed 
parameter systems, and signal processing, see, e.g., p2| , 0, [|T3| , 0, [p5| . One 



of the most important problems arising in all of these applications is the ques- 
tion of the Riesz basis property od these families. In the space L 2 (—ir, tt) this 
problem has been studied for the first time in the classical work of Paley and 



Wiener [p3fl . The problem has now a complete solution |20| on the basis 
of an approach suggested by B. S. Pavlov. 

The principal result for Riesz bases can be formulated as follows 

Proposition 1.1. The sequence (e lXnt ) nt =z is a Riesz basis for L 2 (— 7r,7r) if 
and only if sup |Q\\„| < oo, 

(1.1) inf lA* — A,-I > 0. 

Mi 

and there is an entire function F of exponential type it (the generating func- 
tion) with simple zeros at (X n )nez and such that for some y \F(x + iy)\ 2 sat- 
isfies the Muckenhoupt condition (A 2 ) (we shall write this as \F\ 2 e {A2)): 



sup{— / \F(x + iy)\ 2 dx — [ \F(x + iy)\ 2 dx 
iej L \I\ J 1 \I\ J 1 



< 00, 



where J is the set of all intervals of the real axis. 
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In |20| a corresponding characterization is given for exponential families 
which form an unconditional basis of L 2 (—tt, tt) when ^s\ n can be unbounded 
both from above and below. 

Let us describe known results concerning exponential bases in Sobolev spaces. 



The first result in this direction has been obtained by D. L. Russell in [2J 
Russell studied the unconditional basis property for exponential families in 
the Sobolev spaces H m (—TT, tt) with m G Z. 

Proposition 1.2. [24] Suppose [e %Xnt ) n & is a Riesz basis for L 2 (—tt , it) . Sup- 



pose m G N and suppose /xi, • • • ,/i m G C \ {A n : n G Z} are distinct. Then 
(e lXnt ) ne z U [e llIkt )™ =1 is an unconditional basis of H m (— tt, tt). In particular 
(e lXnt ) n€ z is an unconditional basic sequence whose closed linear span has codi- 
mension m in H m (—TT, tt). 



In |2_T] the unconditional basis property for an exponential family was stud- 
ied in H s (—tt,tt) for noninteger s for the case A„ being the eigenvalues of a 
Sturm-Liouville operator with a smooth potential. 

Note that the generalization of the Levin-Golovin theorem for Sobolev 
spaces has been obtained H using 'classical methods' of the entire function 
theory. Suppose {X n } n ^z are the zeros of an entire function F of exponential 
type tt, (A„) is separated (|i.lp, and on some line {x + iy} xe ${ we have 

C-\l + \x\) s < \F(x + iy)\< C(l + \x\) s . 

Then the family {e tXkt /(l + lA^I) 5 } forms a Riesz basis in H s (—tt,tt). Notice 
that this result was applied to several controllability problems for the wave 
type equation ||. 

Recently Yu. Lyubarskii and K. Seip fl9j have established a necessary and 



sufficient criterion for sampling/interpolation problem for weighted Paley- 
Wiener spaces, which gives a criterion for a sequence to be an unconditional 
basis in H s . For the case, sup |3A„| < oo, the main result is the following: 

Theorem 1.3. (e lXnt ) n& i forms an unconditional basis in H s (—tt,tt) if and 
only if (A„) is separated (i.e. i[ ) holds) and for the generating function F 
we have \F(x + iy)\ 2 /(l + \x\ 2s ) G (A 2 ) for some y. 

The main idea of the present paper is that if [e %Xnt ) n& % forms a Riesz ba- 
sis in L 2 (—tt,tt) then it also forms an unconditional basis of a subspace Y 
of H 1 ^— tt,tt) of codimension one. Then, by interpolation, one obtains that 
[e %Xni ) n &L is an unconditional basis of the intermediate spaces [Y , L 2 ]g j2 for 
< 9 < 1. This approach was suggested in by the first author. The main 
result of is incorrect in the general case because a mistake connected with 
interpolation of subspaces. Here we correct this mistake. 

Let us describe the results concerning unconditional bases in Sobolev spaces. 
One of our main results for Riesz bases is as follows: 
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Theorem 1.4. Suppose (e* An *)„ e z forms a Riesz basis of L 2 (—n,ii). Suppose 
(A n — n) n( zz is bounded and let 5 n = 9ftA n — n. Then there exist critical indices 
< So < Si < 1 given by: 

Si = hm mi y — 

2 r^oot>iloe;r ^— ' n 

° t<\n\<rt 

and 

1 v 1 5„ 
s = - - hm sup > — 

2 r^oo t>1 logr n 

— t<\n\<Tt 

such that: 

(1) (e An )„ gZ is an unconditional basis of the Sobolev space H s if and only if 
< s < s . 

(2) (e\ n ) n< zz is an unconditional basis of a closed subspace of H s of codimension 
one if and only if s\ < s < 1. 

(3) If so < s < si i/ien (eA n ) «s not an unconditional basic sequence. 

This result is deduced from results in Sections |3] and [|. In Section |] we 
in fact consider the more general situation for unconditional bases and give 
rather more technical results. The above Theorem [1.4| however is the simplest 



case and follows by combining Theorem Theorem and Theorem [4. 10| 



Our approach is based on estimates of the K-functional for the continuous 
linear functional on H x {— tt,tt) which annihilates each e iXnX whose existence 
is guaranteed by the result of Russell (Proposition [TT2] ) . The estimates are in 
terms of the generating function F. 

Once one has Theorem O] then it is easy to construct real sequences (A„) 



to show that So, Si can take any values in (0, 1) such that so < s±. In the case 
of regular power behavior of F i.e. for some y > 0, \F(x + iy)\ ~ (1 + |a;|) s 
one has si = so = s + |. 

The results for the whole scale H s (—tt,it) can then be obtained by 'shift' 
using the fact that the differentiation operator with appropriate conditions is 
an isomorphism between a one-codimensional subspace of H m and H™ 1 ^ 1 ; we 
will not pursue this extension. 



2. Interpolation of subspaces 

Let (X , Xi) be a Banach couple with X nXi dense in X , X 1 . If < 6 < 1 
and 1 < p < oo the real interpolation space Xg = [Xo,Xi]g tP is defined, see, 
e.g., 0, to be the set of all x G X + Xi such that 



FX. 



(J ^Kfaxfdty < oo, 



where K (t, x) is the X-functional. An equivalent definition || p. 314 (yielding 
an equivalent norm) can be given by using the J-method: 

\\x\\ Xg = inf < j ^max{||x fe || ,2 fc ||x fe ||i} p J : x = ^2 9k x k 

where the series converges in X + X\ . 

Now suppose 7^ if) G Xq and let Y be its kernel. We suppose also (only 
this case is interesting) that Y fl X\ is dense in Xi, i.e., ip is not bounded in 
Xl 

Let Yg be the corresponding spaces obtained by interpolating Y Q and X±. 
Clearly Yq C Xq and the inclusion has norm one. It is easy to show that 
the closure of Yq in Xq is either a subspace of codimension one when if) is 
continuous on Xq or the whole of Xq when if> is not continuous. 

Let us now introduce two important indices. 

1 K(rt,iP) 

a x = hm sup log . 

r ^°°o<Tt<i logr K{t,ip) 

and 

1 K(tV0) 

cr = hm mt log — — — — , 

T ^ooo<Tt<i logr K(t,if)) 

where K(t,ip) = K(t, if>; Xq, X*). iFiom the multiplicative properties of the 
function K(rt,ip)/K(t,ip) it is clear that these limits exist and < cr < <j\ < 
1. Since K(t,ip) is bounded as t — > 00 we can also write: 

1 K(rV0) 
ai= hm sup log n ■ 

<t<oo log r A (t, ^) 

Let us observe that: 

sup{|^(x)| : max{||ac||o,t||a:||i} < 1} = K{r x ,ip) 
We define a sequence (w n ) n€ % by 

w n = K(2- n ,iP)-\ 

Notice that inf neZ w n > HV'Hx* > and that in general w n < w n+ i < 2w n . 
Now it is easy to see that 

0-1 = lim^oo sup„ J log 2 



cr = limfc^oo inf n > \ log 2 
As mentioned in the introduction the following result is a slight improvement 



of a result of Lofstrom [18 , who obtains the same result by quite different 



arguments except for the critical indices 9 = a ,ai. 
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Theorem 2.1. 1. Yg = Xg (with equivalence of norm) if and only if 9 > o~\. 
2. Yg is a closed subspace of codimension one in Xg if and only if 9 < o~q. 
3-Ifo~o < 9 < o\ then Yg is not closed in Xg. 

We shall consider the weighted i p space £ p (w) of all sequences (a n ) ne z such 
that 



n || = | 2__ a .,l n . 

We shall use ( n for the standard basis vectors. On £ p (w) we consider the shift 
operator S((a n )) = (a n _i). From the above remarks it is clear that S^S" 1 
are both bounded and \\S\\ < 2,\\S~ 1 \\ = 1. Furthermore the spectral radius 
formula shows that 2 CTl is the spectral radius r(S) of S. Now let P+ be the 
projection P+(a) = (5 n a n ) where 5 n = 1 if n > and otherwise. It is easy 
to calculate 

\\P+S- n \\ = sup^- 

and so this implies that r(P + S'" 1 ) = 
We will need the following key Lemma: 

Lemma 2.2. Let < 9 < 1 and let Tg = S - 2 e I. Then 

1. Tg is an isomorphism onto t p {w) if and only if g\ < 9. 

2. T is an isomorphism onto a proper closed subspace if and only if 9 < 

In this case the range of T is the subspace of codimension one of all a 
such that Yln& 2 nd a n = 0. 

Proof. First observe that if 9 > o~\ then Tg must be an isomorphism onto £ p (w) 
since 2 9 exceeds the spectral radius of S. Furthermore since the spectrum of 
S is invariant under rotations it is clear that T ai cannot be an isomorphism 
onto £ p (w). Also note that Tg is always injective and that if fg is a linear 
functional annihilating its range then fe(Cn) — c1 ne for some constant c, i.e., 
fg{pt) = Enez^ "n = 0- This implies that the closure of the range is either 
the whole space or the subspace of codimension one when J2nei 2 nd9 w n q < 00 • 
Here - + - = 1 and the formula must be modified if p — 1. 

We next show that if 9 < a then Tg is an isomorphism onto a closed 
subspace of codimension one. 

Next let E = [{( n : n < -1}] and F = [{( n : n > 1}]. We remark 
that Tq{E) is easily seen to be closed because Tg is an isomorphism on the 
unweighted l p and w n is bounded for n < —1. If we show Tg(F) is closed then 
we are done, since it is clear this will imply that Tg(E + F) is closed and this is 
a subspace of co-dimension one in the range. However 2~ e > r(P + S^ 1 ) so that 
2~ d — P + S^ 1 is an isomorphism. Restricting to F this implies (2~ e — S ,_1 )F 
and hence T e (F) is closed. 
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The proof is completed by showing that if 6 < o\ then if Tg if has closed 
range it must satisfy 9 < o"o- Note first that it is enough to establish this for 
9 < o\ since the set of operators with Fredholm index one is open. Suppose 
cr < 9 < ox and Tg is closed. Then Tg has a lower estimate HTgaH > c||a|| 
for all a where c > 0. Assume w n+k > 2 w k for some n G N and k G Z. 
Then consider a = (J + 2~ e S + • • ■ + 2" ne 5 n ) 2 C fc . Note that ||a|| > n2~ nd w n+k . 
However 

||T 2 a|| =2 2 V + 2 • 2^ n+1 ^w n+k+1 + 2~ 2ne w 2n+k+2 
< 8m a x{w k ,2- n6 w n+k ,2- 2ne w 2n+k }. 
Let v n = 2~ nd w n . Then we have if nc 2 > 8, 

(nc 2 - 8)w fe+ri < 8m&x{v k ,v k+2n }. 
In particular if nc 2 > 16, 

v k+n < max{v k ,v k+2n }. 

Now since 9 < o~i, we can find k e Z,n > 16c~ 2 so that u> n +fc < 2 nd wu or 
^n+fc < "Wfe- Iterating gives us that (t> fc+rn )^ is monotone increasing. Now for 
any large A" and any j > we have 

W J+^ > W k+r 2 n > 2n(r 2 -n)6» 

where r\, r 2 such that k + (r\ — l)n < j < k + rin and + < j + A" < 
+ ij 2 + l)ri. This gives us 

W j+N > 2(N-2n)9 



Hence 



infifog 2 ^> (1-^)0. 

;>o A" Wj ~ N> 



Letting N —> oo gives o~o > To show that in fact 9 < o~o needs only the 
observation again that the set of 9 where Tg has Fredholm index one is open. 

□ 



We now use Lemma [2.2| to establish our main result Theorem [TT] on inter- 
polating subspaces: 

Proof. Let us suppose next that either (a) 9 < (x or (b) 9 > o\. This implies 
there exists a constant D so that ||a|| < || T^ct || for all a G £ p (w); in case (a) 
Tg maps onto the subspace of £ p (w) defined by fg(a) = $^ ngZ 2 n< } a n = 0, while 



in case (b) Tg is an isomorphism onto the whole space (see Lemma |2.2j ). We 
observe that in case (a) the linear functional ip extends to a continuous linear 
functional on Xg as 

J22 ne K{2 n ,iP) < oo. 



Now suppose x E Xq with \\x\\x e = 1 with the additional assumption in case 
(a) that i]){x) = 0. Then we may find (x n ) ne z such that Xliiez^ n i n = x and 

1. 

^max{||x fc || ,2 fe ||:r fc || 1 }M < 2. 



Then 

i. 
p 



X>MI P < <2, 



since 



|^(x)| < w n 1 max{||x|| ,2 n ||a;||i}. 
In case (a) we additionally have 

Thus we can find a G £ p (w) with Tg(a) = (ip(x n )) and ||a|| < 2D. Then we can 
find u n G X nXi such that max{||-u n || , 2 n ||w n || 1 } < 2|o; n |w n and ip{u n ) = a n . 
Let v n = u n -i — 2 6 u n . Then 

i. 

^max{|| Ufc ||,2 fc || Ufc || 1 K ) < lZD\\x\\ Xe . 



Now ip(v n ) = a n -i - 2 e a n = ip(x n ) and Y.nez 2 " 9 ^ = °- Hence 

x = J2^ dn (x n -v n ) 

and so x G Yg with ||x||y fl < (1QD + 2)||a;||x< r From this it follows that in case 
(a) we have Yg — {x : ip(x) = 0, a; G Xg} and in case (b) Yg = Xg. 

Next we consider the converse directions. Assume either (aa) ip is continuous 
on Xg and Yg = {x : i]){x) = 0, rr G Xg} or (bb) Y# = Xg. In either case there 
is a constant .D so that if x G Ye then ||a;||y e < -D||x||x 9 - Observe that in case 
(a) the linear functional fg is continuous on £ p (w) and so the range of Tg is 
contained in its kernel; in case (bb) its range is dense. 

Assume a = (a n ) ne i G £ p (w) with ||a|| = 1; in case (aa) we also as- 
sume fg(a) = 0. We first find x n G X fl X 1 with ip(x n ) = a n and so that 
max{||a; n ||o, 2 n ||x n ||} < 2|a n |iu n for jiGZ. Let x = J2nez 2 ne x n so that x G Xg 
with < 2. In case (aa) we have additionally that ip(x) = fg(a) = 0. Now 

we can find y n G Y fl X 1 so that Xlnez 2 n ^2/n = x and 



^max{||j/ fc ||,2 fc || 2 / fc || 1 y) <4D. 



Now let u n = x n - y n and v n = Y,kL n +i 2< ~ k " l ^ u k- Then 

^max{|K||,2 fc |K|| 1 p'^ <4D + 2. 
We argue that 

(2.1) (^maxllMlo^lMliH <C e (4D + 2), 

\kez J 

where 

k<0 k>0 

To show ( |2.1j ) we note that 

oo 

2 n ||^||i < Yl 2(k - n ~ m ' 1] AW\\i 

k=n+l 

and (since 2 ne w n = 0) 

n 

Kilo < £ 2(*-«- 1 )0|K|| . 

Let /3 n = ip(v n ). Then /? e £ p {w) and ||/3|| < C e (4D + 2). But now {T 6 ((3)) n = 
= ip(x n ) = a n so that T e is an isomorphism onto the kernel of fo in case 
(aa) or onto £ p (w) in case (bb). These two cases combined with the observation 
that Yq can only be a proper closed subspace of X 9 if ip is continuous on X e 
complete the proof of the Theorem. □ 

3. SOBOLEV SPACES 

In this section we investigate a special case of the results of the previous 
section for Sobolev spaces. These results are preparatory for Section f| where 
we apply them to exponential bases. Let L 2 = L 2 (—tt,tc) and let us denote 
the standard inner-product on L 2 (— 7r,7r) by 



(f,g) = / f(x)g(x)dx. 

J —IT 

We denote by ||/|| the standard norm on L 2 . 

For s > we define the Sobolev space H S (M) to be the space of all / G L 2 
so that 

poo 

\%>--= / i/(oi 2 (i+iem<oo 



(/ is the Fourier transform). We then define the Sobolev space H s = H s (—tt, it) 
to be the space of restrictions of H 8 (M>)— functions to the interval (— 7r, 7r) (with 
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the obvious induced quotient norm). When s = 1 the space H 1 reduces to the 
space of / G L 2 (— 7r,7r) so that /' G L 2 under the (equivalent) norm: 



?= / |/(t)| 2 +|/'(t)| 2 rft<oo. 
Then if < s < 1 we have H s = [H\ L\_ s = [H\ L 2 ]i_ s , 2 p 



For 2 G C we define e 2 (x) = e i2X G L 2 (—tt,tt). Now suppose ^ G (H 1 )*', we 
define its Fourier transform F — ip to be the entire function -F(z) := ^(e 2 ) for 
zSC Let us first identify (H 1 )* via its Fourier transform: 

Proposition 3.1. Let F be an entire function. In order that there exists 
ip G (H 1 )* with F = ip it is necessary and sufficient that: 

(3.1) F is of exponential type < it. 



(3.2) / ^A^dx < oo. 



\F{x ^ 2 
1 + x 

These conditions imply the estimate: 



C *\ 1^)1 ^ 
(3.3) sup — — — i~-r < oo. 

zee (1 + \z\)e^ z \ 

Proof. These results follow immediately from the Paley- Wiener theorem once 
one observes that ip G (H 1 )* if and only if if) is of the form 

^(f) = af(0) +( p(f) 

where ip G (L 2 )* . □ 

Consider H 1 with the inner product: 

(f,g)t = (f',g') + t 2 (fi9) 

where t > 0. Let us denote by \\ip\\t the norm of ip with respect to || • ||j where 
" = (/,/>*, i.e. ||V|| t :=sup{|V(/)|: ||/||t < 1}. Set 



(3.4) s = 1 — lim sup log ■ 

r^oo t >! logT || ( || 7/ 

and 

(3.5) Si — 1 — lim inf log 



r^oot>llogr Imlrt 

We can specialize Theorem (|2.1|) to the this special case of interpolating 
between L 2 and H 1 . 
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Proposition 3.2. Suppose if) G (H 1 )* and let Y = {/ G H 1 : ^(/) = 0}. 
Then: 

fij (L 2 ,F )s,2 = H s if and only if < s < s . 

(2) (L 2 ,Y ) St 2 is a closed subspace of codimension one in H s if and only if 
Si < s < 1. 

Proof. We can then apply Theorem |2.1| with X = H 1 and X\ = L 2 . To 
estimate K(t, ip) we note that if / G H 1 and t > 1 then 

maxdl/ll^tll/ID^H/ll^^maxdl/IK^II/ll). 

and so, for t > 1, 

W\t < K(t-\i/>) < V2U\\ t . 
Hence we can describe the numbers oo, <Ji of Theorem [2.1| by 

o-i = hm sup log — — 

r^oo t >! logr || VIIt* 

and 

cr = hm inf log 



r-*oot>llogT \\il}\\ Tt 
Since o~\ = 1 — So and <To = 1 — si this proves the Proposition. □ 

We next turn to the problem of estimating \\ip\\t- The following lemma will 
be useful: 



Lemma 3.3. Suppose F satisfies ( \3. 1\) and (\3.Sj) . Then for any real t we 
have: 



(3.6) 



Proof. It suffices to consider t > 0. Then by ( |3.3|) F(z)e l7rz (2:-|-zi) 1 is bounded 
and analytic in the upper-half plane and so we have: 

n J-oo x + it x — it 
Applying the Cauchy-Bunyakowski inequality we prove the lemma. □ 

We can now give an estimate for ||"0||t which essentially solve the problem 
of determining sq and s\. 

Theorem 3.4. There exist a constant C so that for t > 2 we have 
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Proof. We start with the remark that the functions {(27r)~2(n 2 + t 2 )~^e n : 
n G Z} together with sinh27rt)~2 (e^ + e_j t )) form an orthonormal basis 
of H 1 for II • |L Hence 



F(n)| 2 +4 |F(*t) + FHt)| 2 



2tt ^ n 2 + t 2 t sinh 2vrf 



(3.8) W? = ^E 

ne 

By ( p.6|) the last term in (|3.8| ) can be estimated by 

\F(it)+F(-ur r\F(*)\\ x 

y ' J t sinh 2nt ~ J ^ t 2 + x 2 

for t > 1. 

Now if — 1 < r < 1 the map T T : H 1 — > H 1 defined by T T f = e T f satisfies 
\\T T \\ t < 2 provided t < 1. Hence if ^ r = T*^j we have < IMIt < 2 ||?/v||t- 

However using (|3.8|) and ( |3.9|) gives: 

1 |F(n + T)l» 2 1 v |F(n + r)| 2 /« |F(x + r)| 2 

Now by integrating for < r < 1 we obtain (|3.7|) . □ 

4. Application to nonharmonic Fourier series 

At this point we turn our attention to exponential Riesz bases. Let A = 
(A n ) ng z be a sequence of complex numbers. For convenience we shall write 
a n = 3?A n and r n = QX n . 

Let us suppose that (e\ n ) n< zz is an unconditional basis of L 2 , or equivalently, 
((1 + |T„|)2e _7r l T "leA n )nez is a Riesz basis of L 2 . Then this family is complete 
interpolating set p5| . In particular, we have sampling condition: there exists 
a constant D so that if / e L 2 then 

(4-1) D-i/H < (£(1 + kn|)e- 2 ^'|/(A n )| 2 ) < D\\f\\ 

(i.e., the latter family is a frame). We also note that it must satisfy a separation 
condition i.e. for some < 5 < 1 we have: 



(4.2) ^- > 5 m ^ n. 

1 + |A m — A n | 

Then we can define an entire function F by 

(4.3) F(z) = lim J] (1 - f). 

We replace the term (1 — X^z) by z if A& = 0. We call F the generating 
function for the unconditional basis (e\ n ). 
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Proposition 4.1. |23|, [14|, [7| The product ( \4-!% ) converges to an entire function 
of exponential type it and satisfies the integrability conditions ( \3.£\ ) and 



(4.4) / \F(x)\ 2 dx = oo. 

J — oo 

Let us note, that the inequality in ( |3.2|) is necessary for minimality of the 
family and (|4.4| ) for completeness of (eA n ). Note that since F satisfies flOp 
and (|3.2| ) so that there exists ip 6 (H 1 )* with ip — F. We remark that F is a 
Cartwright class function and then [TJj we have the Blaschke condition 



Z-^ I \ |2 



< OO 



Note that this implies that the families {e\ n )s\ n >o, { e \ n )s\ n <o are minimal in 
L 2 (0, oo), L 2 (— oo,0) correspondingly. Also we have X^a„^o pTp < °°> (^ ms 
follows from |15] p. 127). Thus, we have a strong Blaschke condition 



(4-5) E 

A„^0 



1 + 


T n | 




A„ 


2 



< oo. 



Now by the result of Russell, Proposition 1.2 , the functions (e\ n ) form an 



unconditional basis of a closed subspace Y Q of H 1 of codimension one. It is clear 



that the kernel of ip coincides with Y . Hence our above results Proposition [T2 
and Theorem |3.4| apply to this case. 



Theorem 4.2. Suppose (e\ n ) n( zz is an unconditional basis of L 2 . Then: 

(1) (e\ n ) n& z is an unconditional basis of the Sobolev space H s if and only if 
< s < s - 

(2) (e\ n ) n< zz is an unconditional basis of a closed subspace of H s of codimension 
one if and only if s\ < s < 1. 

(3) If Sq < s < Si then (e\ n ) is not an unconditional basic sequence. 



Proof. By Russell's theorem, Proposition [L2] above, (e\ n ) n( zz is an uncondi- 



tional basis for a closed subspace Y of codimension one which is the kernel 

r i t r -i,t i! -i sinh(27rr„) 
of the linear functional ip. Let v n be the weight sequence v n = ■ 



ll e Anlli 2 and let /i n = (l + |A n | 2 )f n = ||eA n ||^i. It follows from the basis property 
that the map V : ^(h) — > Y defined by 

is an isomorphism (onto). Clearly V is an isomorphism of ^{v) onto L 2 (—tt, it) = 
Y\. Hence by interpolation V is an isomorphism of £2(v 1 ~ s h s ) onto Yi_ s = 
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\Yq, L ]i-s,2- In other words, setting q n = v\ s h s n = v n (l + |A n | ) s , we have 



1 /2 

and the almost normalized family (ex n /q n ) n & forms a Riesz basis in Yi- S . 
Thus, if is a closed subspace in fP, (e\ n ) forms an unconditional basic 
sequence in H s also. 

We next estimate ||e^ n ||/fs to have the inverse implication. In fact from 
interpolation between L 2 and H l we have 

l|eA n || fl .<C|| eAft || l -||e Aft ||i = C7(i;i-X) i , 

where C depends only on s. Similarly if we define <f> n (f) = (f, e\ n ) then the 
norm of <p n in (H s )* can be estimated by 

ii0nii ( ^)* < cxii^ir-ii^n^. = ^-^{vi/Ky' 2 = c^k*) 1 * . 

/From the other hand, ||e An ||^ > |0n(eA„)|/||0n||^, what gives ||e An ||^ > 
^V^n ~ s Ki) 1 ^ 2 - Therefore the norms ||e^ n ||H s and ||eA n ||y 1 _ 1 . are both equiv- 
alent to ^Jq^■ Therefore the assumption that (e\ n ) is an unconditional basic 
sequence leads to equivalence of metrics H s and Yi_ s . □ 

Remark. It is easy to have necessary and sufficient condition for an expo- 
nential family (e\ n ) ne z which is complete and minimal in L 2 to be complete 
and/or minimal in H s |J. To do this we connect the generating function F 
with the critical exponent s\ 



:= inf {s : f° ± 

J — oo 



|F(^ 12 



s A := inf{s : / — —^dx < oo = inf{s : ip G (H s )*}. 



+ \x l2s 



Now (e tXnt ) is complete in H s (—tt, it) for s < s\ and is minimal for s > s\ — l. 
The situation for s = sa or s = s\ — 1 depends on whether if) is bounded in 
H SA . Note that s < s\ < si in general. 

Thus, the family (e\ n ) is minimal in H s for < s < 1, and for any (a n ) G I 2 , 



< || ^2a n ex n /^\\ 2 H s < \\^a n e\ n / ^%,\\\ 1 _ s < C^\a r , 12 



We do not know whether (e\ n ) nt =z can be a conditional basis of H s , for some 
appropriate ordering, when s < s < Sa- 

In order to get precise estimates of s and si we will need to establish an 
alternative formula for \\if>\\t in this special case. 

Let us introduce the function <&(z) defined by 3>(z) = |-F(z)|(i(2;, A) -1 when 
z ^ A and $(A n ) = |F'(A n )| for n G Z. The function $ plays an important 
role in the known conditions for (e\ n ) to be an unconditional basis (see |20f 



and [IS]). We will call $ the carrier function for (e,\ r , 
The following lemma lists some useful properties: 
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Lemma 4.3. Suppose — oo < t < oo. Then: 

(i) There is at most one n G Z so that \it— X n \ < \5\t\ where 6 is the separation 
constant in ^j.2j . There is also at most one n e Z so that \it — X n \ < j5\X n \. 

(ii) \F(it)\<(\X \ + \t\)<f>{it). 

(Hi) There is a constant C independent oft, n so that for every n e Z we have: 

\F(it)\<c(\x \+\t\) [ z \~ x j m. 

{\X n \ 2 + t 2 )2 

(iv) We have for t ^ 0, 

Proof, (i) Suppose m,n are distinct and \it — X n \,\it — X m \ < r\5\t\. Then 
I A m — A n | < St while 



|A m - X n \ >\(X m - it) - (A n - it) + 2it\ > (2 - 5)\t\ > \t\. 

Hence 

I X m A n | 

_ < o 



1 + |A m — X T 

which contradicts (f4.2|) . 

For the second part note that if \it — X n \ < \5\X n \ then |A n | < 2\t\ so that 
\it-X n \<\8\t\. 

(ii) is immediate from the fact that d(it, A) < |Ao| + t. 

(hi) If \it - X n \ < \8t then, in view of (i), \it - X n \$(it) = \F(it)\ and 
t 2 + \X n \ 2 < 5t 2 . Let \it - A n | > ~8t. Then 

\it - X n \ > \it - X n \ > \it - A n | > 



(|A n | 2 + t 2 )V2 - |A„| + |t| " |#-A n | + 2|t| 

Since |A n | + |t| > d(it, A), we have (iii). 

(iv) Let A n satisfy |zi — A n | = d(it,A). If t and r n have opposite signs or if 
r n = 0, then d(it, A) > t and so that $(it) < t _1 |F(zt)|. If they have the same 
sign define G(z) — (z — X n )(z — X n )^ 1 F(z) and note that 

$ (it ) = T M!|L<r 1 |G(ft)|. 

|zi - A n | 

Since = l-P 1 ^)! for x real, we obtain (iv) from ( p.6|) . □ 

We next show that the Blaschke condition (|4.5|) can be improved for Riesz 
bases: 
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Proposition 4.4. If (e\ n ) ne z is an unconditional basis of L 2 then there is a 
constant C so that for any < t < oo, 



(4.6) 



E 

An^O 



t(l + 


Tn|) 




2 + t 2 



< c. 



Proof. Let us apply (O) to e±^. Then 



(4.7) £(1 + KDe-^-l 



/it! 



sin(7r(A n ± it)) 



X„ ± it 



<4L> 2 ||e ±it | 



4Z> 



, sinh 2nt 
t ' 



Now for each n there is a choice of sign so that: 



sin(7r(A Tl ± it)) 



A„ ± it 



> 



sinh(7r(|r ra | 
|A n | +t 



and hence 



E( 1 + i r «i) e ~ 



-27r|r„ 



sinh(7r(t + 


Tn\? 


|A„ 


2 + t 2 



< AD 2 



sinh 27rt 
t ' 



This yields ( |4.6[ ) for t > 1 and this extends to t > in view of ( (4.5| ) and the 
fact that E^ n _^ |A n |~ 2 < oo. □ 

We will also need a perturbation lemma: 

Lemma 4.5. Lei (ex n ) and (e^ n ) ne g &e two unconditional bases of L 2 . Suppose 
further that there is a constant C so that 

t\P"n ~ A n | 



E 



|/in||A n | +t 2 



< c 



1 < t < oo. 



Suppose $ and \I/ are £ne carrier functions for (e\ n ) and (e Mri 
ernsi constants B,T > so iaai if t > T 

1 



Tnen inere 



B $(zt) 



< 



n 



l^nl < 



0<|A„|<t 



$(lt) ' 



Proof. We observe that for each n we have (taking t = max(l, |// n | 2 1 A n | 2 )) 

I An - Hn\ < Cmax(l,2|// n |2|A n |2). 

Hence 

|A n | < |// n | + 2C|A n | 1 / 2 | yU „| 1 / 2 + C < + i|A n | + 2C 2 | / u n | + C, 

Along with a similar estimate for \fi n \ and setting C\ = 2 + 4C 2 > 1 we get: 
(4.8) |A n | < dd/^l + 1), |// n | < d(|An| + 1). 
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Now let c = \ min(<5, 5') where 5, 5' are the separation constants of (A n ) n ez 
and {/JL n )nez respectively. 

We next make the remark that there is a constant M so that if \w\, \z\ < 
2Ci + 1 and |1 - w\, |1 - z\ > c then 

(4.9) |log|l-w| — log 1 1 — ^|| <M\w-z\. 

Let us fix T = |/i | + |Ao| + 2C\. Suppose that t >T, and let p = pit), q = 
q(t) G Z be chosen so that |zi — A p | = min{|it — A n | : n G Z} and |it — = 
min{|zt — /z„| : n € Z}. It may happen that p = q. Note that we have an 
automatic estimate, 

(4.10) \it - X p \ < \t\ + |A | < 2t, \it-n q \<\t\ + \/io\<2t. 

Then if n ^ p,q and |A n | > i we have \fji n \ > §Cf |A n | and so \it — /i n | < 



1*1 + \t*n\ < (2d + l)|/x n |. By Lemma 
\it — jj, n \ > c\n n \. Hence we have by (fl 



log |it - fi n \ - log \it - A n | - log \jj, n \ + log I A n || < M 



(i) we have \it — A n | > c|A n | and 
*|A n — /i n | 



|A n ||/V, 



< {2d + 1)M- 



*| A n — /i n | 



|An|K| +* 2 ' 

Next suppose n ^ p,q and |A„| < t. Then |/i„| < Ci(£ + 1) < 2C\t. We also 
have \it — X n \, \it — fjL n \ > c\t\ and so by ( f4.9| ) 

| log \it -/i n \ -log |it -An|| <M ^ Xn ~^ 

< (2d + 1)M 
Combining and summing over all n ^ p,q we have 



*|A n — // n | 

|A„||//„|+t 2 ' 



log 



9 (it) 



<J(t) log 



it — A„ 



+ 5^ lo gl A «|- lo gl^™l+7(*) 



0<|A„l<t 



0<|A„|<t 

lMn|^0 



where |-y(*) I < C(2d + l)M and S(t) = 1 if p ^ q and if p = q. 

To conclude we need only consider the case p ^ q. In this case \it — /jl p \, \it — 
X q \ > ct. We also have |A P |, \fi q \ < 3t by ( CT) and so by (gj) |A,|, |/x p | < 
Ci(3t+1) < 4Cit. Hence \it— fi p \, \it— X q \ < 5C±t. This concludes the proof. □ 

Lemma 4.6. Suppose (e\ n ) is an unconditional basis of L 2 . Then there exist 
constants B,T so that ift>T then 

^$(it) < $(-zt) < B$(it). 
B 

Proof. This follows from Lemma [15] taking /x n = A n in view of Lemma fO| . □ 
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The next Theorem is the key step in the proof of our main result: 

Theorem 4.7. Suppose [e.\ n ) n &L is an unconditional basis of L 2 . Then there 
is a constant C and T > so that if t>T then 

(4.11) C-Hh-^Qfrt) < \\ip\\t < Cth-^^it). 



Proof. The left-hand inequality in ( [4. 1 1| ) is an immediate consequence of Lemma 
|Q| (iv) and (|3.7| ). We turn to the right-hand inequality 

We first use Lemma |4.3| (ii), (iii) and Lemma [Ojl There are constants C,T > 
1 so that if \t\ > T we have $(-it) < C$(it), \F(it)\ < Ct$(it) and for every 
n. 



\F(it)\ < Ct- 



IA, 



it\ 



(4-12) 

(|A n | 2 + t 2 ) 5 

Choose g G H 1 so that ip(f) = (f,g)t for / G H . Let h be the orthogonal 
projection with respect to (-) t of g onto the subspace Hq of all / so that 
/(-tt) = /(tt) = and let k = g - h. Then ||^|| 2 = ||A;|| 2 + \\h\\l 

The orthogonal complement of Hq (with respect to (-)t) is a 2-dimensional 
space with orthonormal basis {e±j t /||e±jt|| f }. Hence 



k 



\ e it\ 



\F{it)e it + F{-it)e- 



and 



\e it \\?{\F(it)\* + \F{-it)\ 2 ). 



Since ||ejt|| 2 = 2tsinh27rt, we deduce 



t > T 



\\k\\ t < Cifi&We-* 1 

and a suitable constant C\. It remains therefore only to estimate \h\ 
We first argue that 

(e g ,k) t = (2tsmh27rt)~ 1 (F(tt)(e z ,e it ) t + F(-it)(e z ,e^ it ) t ) 

= , 2 (F(-it) smir(z-it) - F{it) sinvr(z + it)). 

ol 1111 ilj l\ L 

Since ip(e\ n ) = F(X n ) = for nsZwe deduce that 

i 



■(F(it) sin7r(A„ + it) — F(—it) sin7r(A n — it)). 



sinh 2nt 

Now if we use (|4.12| we get an estimate valid for t > T : 



(e A ,h) t \ < C$(it) t ]h±3^ lt \ 
V " " 1 ; (|A n | 2 + t 2 )isinh27rt 

Since h G we then have 



sin(7r(A n - it)) 



A„, - it 



+ 



sin(7r(A n + it)) 



X n + it 



(e Xn ,h) t =(Xl + t 2 )(e Xn ,h) 
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and we can then rewrite the above estimate as 



(ex n ,h)\<C 



Now 



$(it) 



1 



sinh27rt (\X n \ 2 + 1 2 ) 1 / 2 



sin(7r(A n — it)) 



A„ - it 



+ 



sin(7r(A n + it)) 



X n + it 



(e An ,th + ti) = (t - i\ n ) (e Xn , h) . 
We next use the sampling inequality ( f4.1| ): 

\\h\\* = \\th + ti\\l* < D 2 ^(1 + |r n |)e- 2 ^l|t - iX n \\(e Xn ,h)f 

However we can combine with ( |4.7| ) to deduce that 

\\th + h'\\ L 2 < 4C 2 D 2 t^(it)(smh2nt)-^ 
for t >T which gives the conclusion. 



□ 



We now consider the case when (A n ) is a small perturbation of the sequence 
fi n = n. For convenience we shall assume that A n = can only occur when 
n = 0. 

Theorem 4.8. Suppose (e\ n ) n< zz is an unconditional basis of L 2 and for some 
constant C and all t > 1 

t\K. 



(4.13) 
Then 

and 



n\ 



n 2 + t 2 



< C. 



>i = - + lim sup log 

2 r^oo t >! logT f-* 

t<\n\<Tt 



s 



— h lim inf log 

2 r-»oot>i logr ' 



\n\ 

I An! 



n 



t<\n\<rt 



X, 



Proof. In this case we compare the carrier function $ for the basis {e\ n ) with 
the carrier function \1/ for the basis (e n ). Clearly ty(it) = | sin nit\/irt. We can 
next use Lemma |4.5| to estimate $(it) and then the theorem follows directly 
from Theorem [4.7| together with (|3.5|) and (p.4|). □ 



Let us specialize to some important cases. Let 5 n = 3ftA n — n = o n — n. 

Theorem 4.9. Suppose {e\ n ) ne z is an unconditional basis of L 2 such that 
sup \5 n \ < oo and J2 n ^o T n n ~ 2 < 00 • Then 



(4.14) 



si 



lim ml > — 

2 r^oot>iloe:r ^— ' n 



log r 14 — ' 77, 

t<|n|<-rt 
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and 

(4.15) s = \ - lim sup — !— V] — . 

2 r^oo t>1 log r n 

Remark. In particular ( 4.14 ) and ( 4.15Q hold if |A n — n\ is bounded. 

Proof. Combining Proposition [4.4| and the boundedness of (5 n ) gives us ( 4.13 ). 
Note that if n ^ 0, 



72 

logy— r = - log(l + 



I A, 



A n 






n\ 




n 





Now 



A„ 




n\ 




n 





25 n . ^ + r 2 



1 + — + 



n n 2 



h a r 

n 



where 



for a suitable constant C. By (|4.5|) and the assumption of the theorem, this 
implies that ^ n _^ \a n \ < 00 and yields the Theorem. □ 

Before discussing examples we observe one more property of Sq and Si in 
this case, which uses recent results of fl9j and the theory of A2— weights. 

Theorem 4.10. // {e\ n ) n( zz is an unconditional basis of L 2 then sq > and 
Si < 1. 

Proof. We will use the connections between Riesz basis property and sam- 
pling/interpolation in the spaces of entire functions of exponential type. These 
connections in the case of L 2 and the Paley-Wiener space may be found in 
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Let L 2 s consisting of all entire functions of exponential type at most 7r and 
satisfying 

l/K)l 2 Je , 
, (TTjii) 5 

(Note that the Fourier transform of L 2 s is the set of all distributions from 
H~ S (R) supported on [— 7r, 7r].) Now the formal adjoint of the map from ^(Z) to 
H s defined by (a n ) — >■ ZlnGZ a «( 1 + l r nl)~'( 1 + |An|)~ s e An is the map from L^ s 
to e 2 (Z) given by / - (/(A n )(l + |tw|) 1/2 (1 + |A„|) s e— ») ngZ . Hence (e A J n6Z 
is an unconditional basic sequence (resp. unconditional basis) if and only if 
(X n )n& is an interpolating sequence (resp. complete interpolating sequence) 
in L 2 n s . 
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Note that if (A n ) is interpolating for L 2 s-1 then it is interpolating for L\ s 
by the simple device of considering functions of the form f(z) = (z — (j)g(z) 
where n £ A = {\ n }nez and g G 

It follows that our result can be proved by showing that (A n ) ne z is a complete 
interpolating sequence for L 2 s for all \s\ < e for some e > 0. To do this we use 
the results of |19| that this is equivalent to requiring that (1 + |£|) 2s $(£) 2 is an 
A 2 - weight for \s\ < e. Now $ 2 is an A 2 -weight ( ||19|| or ||20|| ) and so there exists 
rj > so that $ 2 ( 1+J ?) is an A 2 -weight (cf. @ p. 262, Corollary 6.10). Hence 
the Hilbert transform is bounded on both L 2 (M, $ 2 ( 1+? ?)) on L 2 (R, (1 + |£|) 2(? ) 
for < 9 < |. It then follows by complex interpolation that $(£) 2 (1 + |£|) 2s is 
an A 2 — weight when \s\ < r](l +r])~ 1 . □ 



Note that these results now imply Theorem \LA . 



Examples. We recall the classical theorem of Kadets, see, e.g., |TT| or (15 
that if (A n ) are real then sup n \S n \ < \ is a sufficient condition for (eA n ) n gz to 
be a Riesz basis. First, we consider the case of regular behavior. For example, 
we can set 5 n = — |gsignn, see |J. Then we obtain si = s = | + q. More 
generally if for some y > we have C _1 (l + \x \ ) 2q < \F(x + iy)\ < C (1 + \x\) 2q , 
we obtain s± = sq = \+q (if we use the integral estimates of \\i/)\\t, i-e. Theorem 

ID- 
One can easily make sequences (S n ) with sup \ 5 n \ < 4 to exhibit any required 
behavior. In fact if we put 

h 1 \ ^ 4 

n ~ log2 ^ ^ k 

then 

j n+N 

Sn = lim — inf > 6*. 

k=n+l 

and 

n+JV 



Si = lim — sup b 

2 N-^oo N n> \ /-< 
— K=n+1 

To be more specific if — | < p < q < |, set 



S n = 1 9 sign n for 2 (2 ) < |n| < 2 (2 ^ 
4 = |psignn for 2 (2 ^ ^ < |n| < 2 (2 ^ ) 



Then for 2 2k < m < 2 2k+1 



log 2 k 

o 2 m +l 
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and for 2 2fc_1 < m < 2 2k 

b m =P + 0(1). 

Thus 

1 1 

so = 2 -?» s i = g ~ p 

(note that an example of irregular behavior is given in [|1|]) 
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